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Why learn matrix algebra?

Simple way to express linear a'xX=aXx,+a,X, +a;X,
combinations of variables and {

A x

general solutions of equations. X =b = x=A"b

Linear statistical models
(regression, anova) generalize to
any # of predictors & responses.

Strong relations between algebra,
geometry & statistical concepts

Goal: a reading knowledge of
matrix expressions to aid in
understanding statistical
concepts.

Brief history of linear algebra

* |deas first arose in relation to solving systems of
equations in astronomy & geodesy (1700s)

= Determining the “shape of the earth” from measures
of latitude and longitude (3 eqn., 3 unknowns)

= Calculating the orbits of planets, e.g., Saturn, Jupiter
(6 egn., 6 unknowns)

North Pale
i s
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Arc lengths measured from
Dunkirk to Barcelona

South Pole
Equaterial diameter
12,756 km

Pierre-Louis Moreau de Maupertius
“The man who flattened the earth”
(Portrait from 1739)

His crowning glory was a journey to
Lapland, making measures of the
length of 1° of latitude, and showing
that they were smaller near the
poles than at the equator.




Brief history of linear algebra

* By ~ 1800, Gauss developed “Gaussian
elimination” to solve such problems, and “least
squares” to deal with fallible measurements

* Still required proper notation & algebra (A )

= 1848: J.J. Sylvester introduced “matrix” (Latin: womb)
for array of numbers, with a single symbol.

= 1855: Arthur Cayley defined matrix multiplication in
relation to systems of equations

= 1858: Cayley develops algebra, including inverse, A"
* Now, there was a general notation for solving m
equations in n unknowns!

Vectors & matrices

* A matrix is a rectangular array of numbers,
with r rows and ¢ columns.

12 3 a, a,
A,,=|15 0 |=la, a, :(aij ), /;1122;
7 -1 8y 8y
1.7 -3 b11 b12 b13
BZ><3 = =
2 4 6 by, b,, b,
1 2

Transpose operation: A’ = AT = [a], B'2 5 = 7 4
interchanges rows and columns X
-3 6

Vectors & matrices

* A vector is just a one column matrix

* Sometimes written in transposed (row) form to save
space.

0 Yia =Y 45 = (6 7 12)
y3><1 = 7
12)  y,-(6 7 12)

All of these forms define y as a 3 x 1 column vector

Special vectors & matrices

Square matrix: A, , , : same # rows/cols

unitvector: 1 =j =|. 2 10 (9 7 1]
: Ava=l14 o B,,=|3 3 5
U 19 4
0 . ,
Symmetric matrix: A = AT, or a;=3;
zero vector: g _ 0 g 7 1]
o 210
0 A,,= 10""&9 B,.,=|7 3 5
" 15 4
contrast vectors: ch =0 Diagonal matrix: a; = 0 fori #j

c,=(11 -1 -1 30 4 0 0
c,=(3 -1 -1 1) DM{O 1} Dy, =|0 20
006




Special vectors & matrices

Identity matrix: diagonal w/ a;; = 1 Why: acts like 1 in multiplication—
10 100 Al=A
L., = _
0 1 L,=/0 1 0
0 0 1
Unit matrix: all a; = 1 Why: convenient way to sum
vectors & matrices
11 alj=% a
=1 1 :[j3 13]
11
Zero matrix: all a; =0 Why: acts like 0 in addition—
A+0=A
0 0O A-B=0-A=B
>0 00
10

Operations on vectors & matrices

Addition & subtraction: add corresponding elements. Must have same shape

a1+b1 a11+b11 a12+b12

a,,+b,,=(a +b)=|a,+b, A, +By,=[a,+b;|=|a,+b, a,+b,
a;+b; ay +byy @y + by

10 2 [5 3 15 5 5 -1
A= B= => A+B= A-B-=
{4 6} | 4 4} {8 10} {0 2}
Properties: same as for scalars— order doesn’t matter
* Commutative: A+B=B+A vector geometry

* Associative: A+ (B+C)=(A+B)+C
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Operations on vectors & matrices

Scalar multiplication: multiply each element by a scalar.

Vector geometry

B

ka, ca, .. ca,
ka,,=(ka)=| : A, =[ca|=| i .

ca,, - ca

m 'mn

1.5x

L R

-2, h
R-A=|r, 1-1 1y,
g Iy 1-4

=)

Partitioned matrices

Defn : A partitioned matrix has its rows & columns divided into sub-
matrices

lyXiy




Partitioned matrices

Addition and subtraction is defined for partitioned matrices if all

Vector & matrix multiplication

Jor % Vector / %
Vector % Vecto a v - (a Q- @n) (%)
A

submatrices in corresponding positions are of the same size and shape
(inngr ?‘@d) Ixn Ay
[
1 253 2 250 3 454 = Q% 4 Gy + -+ Qpy,
456 + |1 01 = |5 515 ,_.vg Q% som of prodvcts of
7 8 ' 9 0 2:.-1 7 10 58 im COrrCiPGY'Idi'H(i GLSW\'E/,-‘-J..
: Iz
. eq: 39 1
Symbolically, = <I o ) m) = |42 + ()20 + I-40 = /2
40
|::11 :12:| + '::11 :12:| — |::11 +:11 :12 +:12:| NB: a/% = x)‘q
21 22 21 22 21 + 21 22 + 22 =l =
14 Note that inner dimensions must match! 15

Vector & matrix multiplication

specia) cages %
(D %/% & (%';"'Jljﬂ)(?‘) & LI,I-t ‘j:f ﬁ: =£=§.:35
Ya

(b 1/'3 =(1 1) (3"): ‘J. Ty, -4, :le;
’jn T‘%-,'.L.
} ( 3 s)(:) _o

© a0 =o0

oa = o

0
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Geometry of vector products

« In a geometric representation, the
scalar product relates to the angle

between 2 vectors:

a’b=[|a]|-[|b]|-cos®

* Orthogonal vectors (6=90) have
the property thata’b =0

1

ab=(1 1 1) -2|=0
1

x'y

* Correlation (=cos )= ——+———
IRSIRINAI

17




Matrix product

The matrix product, A B, is defined only if
the # of columns of A = # of rows of B

Then, A and B are conformable for multiplication

pedlas] Rryled

(3x2) (3x3 2*3)
(ax 3)‘\& ,&_”{f( o il
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Matrix product

Algebraic view:

L:L-"r'
matty x makny Lk rA = [d.‘,‘] .
C-BSS [L’Kj] 1-35 -
Thew Gi
A-B = C=[°aﬂ=[‘-"~53]
rnc.uc.ss rAS rows G{» A - Cok fﬁr R
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Matrix product

Diagram view: _Bus
Uy
A ¥
et = ®
5 cal
rxs)
or: b1j
b,, c
Clj = (a/1 a/2 a/c) : = Za/kbkj
. k=1
b
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Matrix product: examples
e N B

i
4 .
14 2\ %0 2+4(+0 oms 7
1‘40—5; I 1| = lg+0v0 0403
0 3
x3 _, 3xZ

E201D- (w

A B o /R n
/3 U(34 (
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Why multiply like this?

To express systems of linear equations:

3 Z' + z__‘(tb-_-s 4 = Z ‘31\ 4\
o = =l o
xl o 3'%2.-“ v} i =2 ¥y

%2
A ¢=Db
2x2 ) 2x)

Tn qoveval:
1 meqmmg_’ A v - b

n Unkmm (M“‘) (nx) (M“D

Solution: X = A1 b when A1 exists (m=n, eqgn. independent)
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2. Distributive

3. NOT commutative

Properties of matrix multiplication

1. Associative A(BC)=(AB)C

(A+B)C=AC+BC
AB+C)=AB+AC

AB = BA

(in general)

4. Identity A l=1 A=A

rxc c€xc rxr rxc

1.2 3)(10) (123
45 6)0 1) (4586

Properties of matrix multiplication

5. Zero A 0 -0

rxc CXS Irxs

6. Transpose of a

(AB)Y = B’ AT
product

(AB---Z2) = 2Z" ...B" AT

All of these properties are analogous to ordinary
(scalar) algebra, except for (3) and (6). Why?
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Matrix powers

For a square matrix, A 4, :
A’=AA
A=A A A=A?A  efc forA’

S O N B A

In applications (e.g., MAP 11-1), matrix powers provide a simple way to
compute paths through a network, represented by (0/1) values in a
matrix.

25




Matrix powers

Square roots too:

If B? = A, then B is also the square root of A, i.e., B = A"
cq. 4 0Y _(4 0)(4 0)_(16 0)_,

o0 3) (0 3)lo 3/ (0 9/
so, 16 0)"° _(4 0 LB AP

0 9 0 3

The idea of the “square root of a matrix” was fundamental in the
development of factor analysis, where Thurstone defined factors as

R | - [a] A
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Vectors & matrices in regression

The general linear regression model,

Y =B+ B X+ B X, Jr"'JF/BpX/p T &

has the following form in terms of vectors and matrices:

2 1T Xy o X, |( By &
Y, 1T Xy o X || By &,
, = |. . A
Y, _1 Xpt oor Xpp | ,Bp g,

or,

Yoa = an(p+1)B(p+1)><1 T &, 2

Matrix products in regression

All calculations are based on the sums and sums of squares from the following
matrix products (shown for p=1 predictor):

- oé.,gz,...q,)(?.) - 24

li 3 1]
|
|
|

/ " 8t
XX=[” '-S 20 Zx
R ., 21!; %’Z&L We can represent these all

with partitioned matrices:
ind

XX | X'y
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() (x )= Y

Linear combinations of vectors

G\V.e\\ '\)CC"O“ %, z:., Xz , ete (same ‘GH,HD
@ |mear combinghon is a weighted sum
of +he fovm a,b,c.

2fr) * LH ¢ €t scalars

€.4q. 3p+EE, -7

29




Linear combinations of vectors

30

Linear independence

* A setof vectors, x4, X,, ... X, is linearly
dependent if:
1. One x; can be expressed as a linear combination of
the others; or, equivalently:

2. There are some scalars, a,, a,, ... a,,, not all zero,
such that 0

a;X; +aX,+...+ax,=0= |’
0
Otherwise, the vectors are linearly independent.
Why: linear independence — idea of rank of a matrix

31

Linear independence: example

Verbal Mtk Compasite
%, ¥ M3 =2x+g,

-

10 12 3z
x-_-: 8 4 20
5 1 20
1S 5 35

% %% are lmearly depededt
(ﬂ) Smee ¥z = 2% + %
(Dsme 27 +%X-% =Q

%y provides no new tiformation nd provided
by kA% drml:_ (s s redmdast

renl $%) 32

Rank of a matrix

The idea of rank of a matrix (or set of vectors) is a fundamental idea in matrix
algebra and statistical applications.

* Def: rank( A) = r ( A ) = # of linearly independent rows (or columns) of A | .
* Properties:

* # linearly independent rows = # linearly independent columns

*r (A ) <min(r, c)—rank never greater than smaller dimension

*r(AB)=min[r(A), r(B) ] — rank of product = smaller of separate ranks

* Geometric idea: rank = # of dimensions (of a vector space)

« Statistical idea: rank = degrees of freedom
= # of linearly independent variables

33




Rank and Dimensionality of Vector Spaces

Row space of a matrix: vector space spanned by rows
Column space of a matrix: vector space spanned by columns

Row space

X1 X2 <

1 1 \» » (1,1
Atm‘ - —1 0 Y2 0.5

2 —1/w @
The rows of A define 3 vectors
in 2-space, a plane. The
columns define 2 vectors in
3-space-- also a plane. Hence,
rank(A) = 2.
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Rank and Dimensionality of Vector Spaces

Column space

rank(A) Row/Col space 12)

0 point

1 line

2 plane

3 volume

4+ hypervolume ¥3

(1v 0, '1}
L]
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Matrix inverse: A’

* Twewe of @ nombe”
T Scalar @lqebra, division (inverse of moltipliochow)
ii essewhal fou solvivg equations -
eg 4x=9 —> XK= 8/4=2
Equodly, e caw vefard Hix as muthplyee botl.
Sides by the inevie of e canstond :

42=8 — % 4x=338

| X = Z

36

Matrix inverse: A’
s T of & maty

AH‘\oual. dwiston is not defived v matrces,

most squave matrices have a matriy invewe,
which plays a smilar vole solv\iui equations

The invevze 4 oM NAN Mﬁ,‘{'ﬂ.x A B an
AN ma'klx A-' such "HAA:\'

AA" = ATA
s
bm«,( ; )

= I nxn)

37




Matrix inverse: basic properties

* If an inverse, A exists, it is unique

° No inverse exists if A |, , = 0 (i.e., r(A)=0)
or, in general, if r(A) <n
= — Ais ‘singular’
= — det(A)=|A| =0

* Ordinary inverse defined only for square,
non-singular matrices

= Can also define a ‘generalized inverse,” A",
suchthat AA"A=Aand A AA =A"

38

Matrix inverse: 2 x 2

The inverse of a 2 x 2 matrix is easy to calculate:

[a b] e 1 [d -b]_1[d -b
lc d “ad-bc|-c a| |All-c a
eg.,
4. 7] 4 -2
A 3 2 Al 1 LTE 1
14 4x3-1x(2)| 18| 141 3
Note:

anc |3 2] 1[4 2)_1[14 0],
1 4|14[1 3| 14/0 14

\ \2\/'3/ /
/ 69 \

Noinverseif |[A|=ad—bc=0,e.g., A

|
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Properties of matrix inverse

o AT exide # 1s oniqe (€€
(Hhese are all equiva\ent )
@ [Al¥0
(®) A & nen-sgula’
(.C:-_) Al Tows (Cds) of A Qre hneéw-H qu’g:i

2. T'2 T  sie @y
K = A wa K)A) =1
"A)(A=T

AV =(A) .

Properties of matrix inverse

Swmee (A 'ED (_'E;‘ ;\l)

- | -l
3. = E A -
A® = ARR'A' =AR=I

(d, 4 9
4. Tf D= s il 7 o
- !
Yan 4;#0 #en D ‘=( 0"‘1-..,,")

In general, to show or verify that a matrix K is the inverse of matrix L,

showthat KL=L K =1

41




Determinants

FOr any square makiy A
d&(& = | A\ = @ seadac fonchion

ot Q;,j
2x2 N /
m— i a
lA\ a4 la ‘f\fqu = @uQzz2 — Qi 22
= e
/7.‘ ,-3\‘ em% ‘\43 1 e'w
- - Feow @ack. fou ¥ Col
eq ¥ 7l & 3Q—72=l0
2 8
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Determinants
3’_5 Gw @2 % Qw Qg3 A+ Q1 @, +
@38y %,
Qy @3 Qs
Qq, Q3, Qs3 Qs @y Q3= @y @3 qqi"'chquaaz,
eq. VI 43 343
3 S | 3
1\2?(3 - 4_/7_ =4 +3+80 — lo ~2~-Y4
XN = 93-t=H7
122 331 S94
+ 4+ 0+
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Determinants: cofactors

* General method: expand by cofactors of a given
row or column

= Minor of a; : M; = determinant of submatrix removing
the ith row and jth column of A.

= Cofactor of a; : C; = (-1)) M,

= Forrow | : det(A) =a,C,+a,C,+---a,C

n—in

= Forcolj: det(4) =@, C,,+a,C, +--+a,C

nj=nj

44

Determinants: cofactors

-2 3‘

Minor of a,,: M12=‘ -

e.g.,

Cofactorofa,,: C,, = (-1

-2 3
-7 0

Expand by row 1:

dEt(A) =a,C +a,Cp +a,C,

45




Determinants: geometry

2D: det() = area of parallelogram

det[u v]=det{a b}:ad—bc d
c d

3D: det() = volume

(What happens if u, v, w
are linearly dependent?)

° Volumn = det[n v w]
° w

nD: det() = hyper-volume

Correlation matrices:

1 r
det[ 12}:1—@
rp 1

In general:

0<det(R,,)<1

Singular

Uncorrelated, R=I
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Summary

* Matrices & vectors: shorthand notation
= Matrix: 2-way table; vector: 1-way collection of #s
= Algebra:
+ Addition, subtraction: like ordinary arithmetic
» Multiplication: a’ x = linear combination; A x = set of them
= Use: represent a linear model: y =X B + ¢

* |nverse: Use to solve linear equations
" Ax=b—->x=A"'b
* Determinant: “size” of a square matrix
= | A| =0 — “singular,” no inverse, can’t solve
= Rank = # linearly independent rows, cols, equations

a7




